Abstract. We confirm the AJ conjecture [Ga2] that relates the A-polynomial and the colored Jones polynomial for those hyperbolic knots satisfying certain conditions. In particular, we show that the conjecture holds true for some classes of two-bridge knots and pretzel knots. This extends the result of the first author in [Le1] where he established the AJ conjecture for a large class of two-bridge knots, including all twist knots. Along the way, we explicitly calculate the universal character ring of the knot group of the (−2, 3, 2n + 1)-pretzel knot and show that it is reduced for all integers n.
0. Introduction 0.1. The AJ conjecture. For a knot K in S 3 , let J K (n) ∈ Z[t ±1 ] be the colored Jones polynomial of K colored by the (unique) n-dimensional simple representation of sl 2 [Jo, RT] , normalized so that for the unknot U,
t 2 − t −2 . The color n can be assumed to take negative integer values by setting J K (−n) = −J K (n). In particular, J K (0) = 0. It is known that J K (1) = 1, and J K (2) is the ordinary Jones polynomial.
Define two linear operators L, M acting on the set of discrete functions f : Z → R := C[t ±1 ] by (Lf )(n) = f (n + 1), (Mf )(n) = t 2n f (n).
It is easy to see that LM = t 2 ML. The inverse operators L −1 , M −1 are well-defined. One can consider L, M as elements of the quantum torus
which is not commutative, but almost commutative. Let A K = {P ∈ T | P J K = 0}. It is a left ideal of T , called the recurrence ideal of K. It was proved in [GL] that for every knot K, the recurrence ideal A K is non-zero. Partial results were obtained earlier by Frohman, Gelca, and Lofaro through their theory of non-commutative A-ideal [FGL, Ge] . An element in A K is called a recurrence relation for the colored Jones polynomial of K.
The ring T is not a principal left-ideal domain, i.e. not every left-ideal of T is generated by one element. By adding the inverses of polynomials in t, M to T one gets a principal left-ideal domainT , cf. [Ga2] . Denote the generator of the extensionÃ K = A K ·T by α K . The element α K can be presented in the form
where the degree in L is assumed to be minimal and all the coefficients α K,j (t, M) ∈ Z[t ±1 , M] are assumed to be co-prime. The polynomial α K is defined up to a polynomial in Z[t ±1 , M]. Moreover, one can choose α K ∈ A K , i.e. it is a recurrence relation for the colored Jones polynomial. We call α K the recurrence polynomial of K.
Garoufalidis [Ga2] formulated the following conjecture (see also [FGL, Ge] ).
Conjecture 1. (AJ conjecture)
For every knot K, α K | t=−1 is equal to the A-polynomial, up to a factor depending on M only.
In the definition of the A-polynomial [CCGLS] , we also allow the abelian component of the character variety, see Section 2. 0.2. Main results. Conjecture 1 was established for a large class of two-bridge knots, including all twist knots, by the first author [Le1] using skein theory. In this paper we generalize his results as follows.
Theorem 1. Suppose K is a knot satisfying all the following conditions: (i) K is hyperbolic, (ii) The SL 2 -character variety of π 1 (S 3 \ K) consists of 2 irreducible components (one abelian and one non-abelian),
(iii) The universal SL 2 -character ring of π 1 (S 3 \ K) is reduced, (iv) The recurrence polynomial of K has L-degree greater than 1. Then the AJ conjecture holds true for K.
Theorem 2. The following knots satisfy all the conditions (i)-(iv) of Theorem 1 and hence the AJ conjecture holds true for them.
(a) All pretzel knots of type (−2, 3, 6n ± 1), n ∈ Z.
(b) All two-bridge knots for which the character variety has exactly 2 irreducible components; these include all twist knots, double twist knots of the form J(k, l) with k = l in the notation of [HS] , all two-bridge knots b(p, m) with p prime or m = 3. Here we use the notation b(p, m) from [BZ] .
Remark 0.1. Besides the infinitely many cases of two-bridge knots listed in Theorem 2, explicit calculation seems to confirm that "most two-bridge knots" satisfy the conditions of Theorem 1 and hence AJ conjecture holds for them. In fact, among 155 b(p, m) with p < 45, only 9 knots do not satisfy the conditions of Theorem 1. 0.3. Other results. In our proof of Theorem 2, it is important to know whether the universal character ring of a knot group is reduced, i.e. whether its nil-radical is 0. Although it is difficult to construct a group whose universal character ring is not reduced (see [LM] ), so far there are a few groups for which the universal character ring is known to be reduced: free groups [Si] , surface groups [CM, Si] , two-bridge knot groups [PS] , torus knot groups [Mar] , two-bridge link groups [LT] . In the present paper, we show that the universal character ring of the (−2, 3, 2n + 1)-pretzel knot is reduced for all integers n. 0.4. Plan of the paper. We review skein modules and their relation with the colored Jones polynomial in Section 1. In Section 2 we prove some properties of the character variety and the A-polynomial a knot. We discuss the role of the quantum peripheral polynomial in the AJ conjecture and give the proof of Theorem 1 and Theorem 2 in Section 3. In Section 4, we prove the reducedness of the universal character ring of the (−2, 3, 2n + 1)-pretzel knot for all integers n. Finally we study the irreducibility of the non-abelian character varieties of two-bridge knots in the appendix. 0.5. Acknowledgements. The authors would like to thank S. Garoufalidis, J. Etnyre, J. Marche, T. Mattman, A. Sikora for helpful discussions, and the referee for comments/suggestions.
Skein Modules and the colored Jones polynomial
In this section we will review skein modules and their relation with the colored Jones polynomial. The theory of Kauffman bracket skein module (KBSM) was introduced by Przytycki [Pr] and Turaev [Tu] as a generalization of the Kauffman bracket [Ka] in S 3 to an arbitrary 3-manifold. The KBSM of a knot complement contains a lot, if not all, of information about its colored Jones polynomials.
A framed link in an oriented 3-manifold Y is a disjoint union of embedded circles, equipped with a non-zero normal vector field. Framed links are considered up to isotopy. Let L be the set of isotopy classes of framed links in the manifold Y , including the empty link. Consider the free R-module with basis L, and factor it by the smallest submodule containing all expressions of the form − t − t and + (t 2 + t −2 )∅, where the links in each expression are identical except in a ball in which they look like depicted. This quotient is denoted by S(Y ) and is called the Kauffman bracket skein module, or just skein module, of Y .
For an oriented surface Σ we define S(Σ) = S(Y ), where Y = Σ × [0, 1], the cylinder over Σ. The skein module S(Σ) has an algebra structure induced by the operation of gluing one cylinder on top of the other. The operation of gluing the cylinder over ∂Y to Y induces a S(∂Y )-left module structure on S(Y ).
1.2. The skein module of S 3 and the colored Jones polynomial. When Y = S 3 , the skein module S(Y ) is free over R of rank one, and is spanned by the empty link. Thus if ℓ is a framed link in S 3 , then its value in the skein module S(S 3 ) is ℓ times the empty link, where ℓ ∈ R is the Kauffman bracket of ℓ [Ka] which is the Jones polynomial of the framed link ℓ in a suitable normalization.
Let S n (z) be the Chebychev polynomials defined by S 0 (z) = 1, S 1 (z) = z and S n+1 (z) = zS n (z) − S n−1 (z) for all n ∈ Z. For a framed knot K in S 3 and an integer n ≥ 0, we define the n-th power K n as the link consisting of n parallel copies of K (this is a 0-framing cabling operation). Using these powers of a knot, S n (K) is defined as an element of S(S 3 ). We then define the colored Jones polynomial J K (n) by the equation
The (−1) n sign is added so that for the unknot U, J U (n) = [n]. Then J K (1) = 1, J K (2) = − K . We extend the definition for all integers n by J K (−n) = −J K (n) and J K (0) = 0. In the framework of quantum invariants, J K (n) is the sl 2 -quantum invariant of K colored by the n-dimensional simple representation of sl 2 .
1.3. The skein module of the torus. Let T 2 be the torus with a fixed pair (µ, λ) of simple closed curves intersecting at exactly 1 point. For co-prime k and l, let λ k,l be a simple closed curve on the torus homologically equal to kµ + lλ. It is not difficult to show that the skein algebra S(T 2 ) of the torus is generated, as an R-algebra, by all λ k,l . In fact, Bullock and Przytycki [BP] showed that S(T 2 ) is generated over R by 3 elements µ, λ and λ 1,1 , subject to some explicit relations.
Recall
Frohman and Gelca [FG] showed that there is an algebra isomorphism Υ : S(T 2 ) → T σ given by
The fact that S(T 2 ) and T σ are isomorphic algebras was also proved by Sallenave [Sa] .
1.4. The orthogonal and peripheral ideals. Let N(K) be a tubular neighborhood of an oriented knot K in S 3 , and X the closure of
There is a standard choice of a meridian µ and a longitude λ on T 2 such that the linking number between the longitude and the knot is 0. We use this pair (µ, λ) and the map Υ in the previous subsection to identify S(T 2 ) with T σ . The torus T 2 = ∂(N(K)) cut S 3 into two parts: N(K) and X. We can consider S(X) as a left S(T 2 )-module and S(N(K)) as a right S(T 2 )-module. There is a bilinear bracket
In general S(X) does not have an algebra structure, but it has the identity element-the empty link. The map Θ :
Its kernel P = ker Θ is called the quantum peripheral ideal, first introduced in [FGL] . In [FGL, Ge] , it was proved that every element in P gives rise to a recurrence relation for the colored Jones polynomial.
The orthogonal ideal O in [FGL] is defined by
It is clear that O is a left ideal of S(∂X) ≡ T σ and P ⊂ O. In [FGL] , O was called the formal ideal. According to [Le1] , if P = O for all knots then the colored Jones polynomial distinguishes the unknot from other knots.
1.5. Relation between the recurrence ideal and the orthogonal ideal. As mentioned above, the skein algebra of the torus S(T 2 ) can be identified with T σ via the R-algebra isomorphism Υ sending µ, λ and λ 1,1 to respectively
Proof. We know from the properties of the Jones-Wenzl idempotent (see e.g. [Oh] ) that
Hence the above equations can be rewritten as
Since S(T 2 ) is generated by µ, λ and λ 1,1 , we conclude that
for all ℓ ∈ S(T 2 ).
Proof. Since {S n (λ)} n generates the skein module S(N(K)), Proposition 1.1 implies that
Remark 1.3. Corollary 1.2 was already obtained in [Ga1] by another method. Our proof here uses the properties of the Jones-Wenzl idempotent only.
Character varieties and the A-polynomial
For non-zero f, g ∈ C[M, L], we say that f is M-essentially equal to g, and write f M = g, if the quotient f /g does not depend on L. We say that f is M-essentially divisible by g if f is M-essentially equal to a polynomial divisible by g.
2.
1. The character variety of a group. The set of representations of a finitely presented group G into SL 2 (C) is an algebraic set defined over C, on which SL 2 (C) acts by conjugation. The set-theoretic quotient of the representation space by that action does not have good topological properties, because two representations with the same character may belong to different orbits of that action. A better quotient, the algebro-geometric quotient denoted by χ(G) (see [CS, LM] ), has the structure of an algebraic set. There is a bijection between χ(G) and the set of all characters of representations of G into SL 2 (C), hence χ(G) is usually called the character variety of G. For a manifold Y we use χ(Y ) also to denote χ(π 1 (Y )).
Suppose G = Z 2 , the free abelian group with 2 generators. Every pair of generators λ, µ will define an isomorphism between χ(G) and (C * ) 2 /τ , where (C * ) 2 is the set of non-zero complex pairs (L, M) and τ is the involution τ (M, L) = (M −1 , L −1 ), as follows: Every representation is conjugate to an upper diagonal one, with L and M being the upper left entry of λ and µ respectively. The isomorphism does not change if one replaces (λ, µ) with (λ −1 , µ −1 ).
2.2.
The universal character ring. For a finitely presented group G, the character variety χ(G) is determined by the traces of some fixed elements g 1 , · · · , g k in G. More precisely, one can find g 1 , · · · , g k in G such that for every element g ∈ G there exists a polynomial P g in k variables such that for any representation r : G → SL 2 (C) we have tr(r(g)) = P g (x 1 , · · · , x k ) where x j := tr(r(g j )). The universal character ring of G is then defined to be the quotient of the ring C[x 1 , · · · , x k ] by the ideal generated by all expressions of the form tr(r(v)) − tr(r(w)), where v and w are any two words in g 1 , · · · , g k which are equal in G. The universal character ring of G is actually independent of the choice of g 1 , · · · , g k . The quotient of the universal character ring of G by its nil-radical is equal to the ring of regular functions on the character variety of G.
The universal character ring defined here is the skein algebra of G of [PS] , where it is proved that it is T H(G) of Brumfiel-Hilden's book [BH] . They prove that it is the universal character ring, which is defined as the coefficient algebra of the universal representation.
2.3. The A-polynomial. Let X be the closure of S 3 minus a tubular neighborhood N(K) of a knot K. The boundary of X is a torus whose fundamental group is free abelian of rank 2. An orientation of K will define a unique pair of an oriented meridian and an oriented longitude such that the linking number between the longitude and the knot is 0, as in Subsection 1.4. The pair provides an identification of χ(∂X) and (C * ) 2 /τ which actually does not depend on the orientation of K.
The inclusion ∂X ֒→ X induces the restriction map
is an algebraic set consisting of components of dimension 0 or 1. The union of all the 1-dimension components is defined by a single polynomial
, whose coefficients are co-prime. Note that A K is defined up to ±1. We call A K the A-polynomial of K. By definition, A K does not have repeated factors. It is known that A K is always divisible by L − 1. The A-polynomial here is actually equal to L − 1 times the A-polynomial defined in [CCGLS] .
2.4. The B-polynomial. It is also instructive and convenient to see the dual picture in the construction of the A-polynomial. For an algebraic set V (over C) let C[V ] denote the ring of regular functions on
The map ρ in the previous subsection induces an algebra homomorphism
We will call the kernel p of θ the classical peripheral ideal; it is an ideal of t σ . Letp := t p be the ideal extension of p in t. The set of zero points ofp is the closure ofẐ in C 2 .
. The ideal extension ofp iñ t, which istp =t p, is thus generated by a single polynomial B K ∈ Z[M, L] which has co-prime coefficients and is defined up to a factor ±M k with k ∈ Z. Again B K can be chosen to have integer coefficients because everything can be defined over Z. We will call B K the B-polynomial of K.
2.5.
Relation between the A-polynomial and the B-polynomial. From the definitions one has immediately that the polynomial B K is M-essentially divisible by A K . Moreover, their zero sets {B K = 0} and {A K = 0} are equal, up to some lines parallel to the L-axis in the LM-plane.
. This means t σ + Mt σ is a direct sum, or the map
Note that ψ 2 = ψ •ψ 1 . Since ψ 1 is bijective, and ψ 2 is injective, ψ must also be injective. Now consider the second extension. Tensoring (2.1) with C(M), we get an algebra homomorphism Proof. We first note that the ring C[χ(X)] has a t σ -module structure via the algebra homomorphism θ :
. We want to show thatp is radical, i.e. p =p. Here p denotes the radical ofp. Let
Note that p, the kernel of θ :
, is radical since the ring C[χ(X)] is reduced. We claim that p is also radical. Indeed, suppose γ ∈ t and γ 2 ∈ p.
] is a principal ideal domain, the radical ideal p can be generated 
Here the M-factor of A K is the maximal factor of A K depending on M only; it is defined up to a non-zero complex number.
2.6. Small knots. A knot K is called small if its complement X does not contain closed essential surfaces. It is known that all 2-bridge knots and all 3-tangle pretzel knots are small [HT, Oe] . Proof. The A-polynomial A K always contains the factor L − 1 coming from characters of abelian representations [CCGLS] . Hence we write
Suppose the polynomial A nab of a knot has non-trivial M-factor, then the Newton polygon of A nab has the slope infinity. It is known that every slope of the Newton polygon of A nab is a boundary slope of the knot complement [CCGLS] . Hence the knot complement has boundary slope infinity. The complement of a small knot in S 3 does not have boundary slope infinity (this fact follows easily from [CGLS, Thm. 2.0 .3]), hence its polynomial A nab has trivial M-factor. Remark 2.5. By [IMS] , according to a calculation by Culler, there exists a non-small knot whose A-polynomial has non-trivial M-factor; it is the knot 9 38 in the Rolfsen table.
Skein modules and the AJ conjecture
Our proof of the main theorems is more or less based on the ideology that the KBSM is a quantization of the SL 2 (C)-character variety [Bul, PS] which has been exploited in the work of Frohman, Gelca, and Lofaro [FGL] where they defined the non-commutative A-ideal. In this section we will discuss the quantum peripheral polynomial and its role in our approach to the AJ conjecture, and then prove Theorems 1 and 2.
3.1. Skein modules as quantizations of character varieties. Let ε be the map reducing t = −1. An important result [Bul, PS] in the theory of skein modules is that ε(S(Y )) has a natural C-algebra structure and is isomorphic to the universal SL 2 -character algebra of the fundamental group of Y . The product of 2 links in ε(S(Y )) is their disjoint union. Using the skein relation with t = −1, it is easy to see that the product is well-defined, and that the value of a knot in the skein module depends only on the homotopy class of the knot in Y . The isomorphism between ε(S(Y )) and the universal SL 2 -character algebra of π 1 (Y ) is given by K(r) = −tr r(K), where K is a homotopy class of a knot in Y , represented by an element, also denoted by K, of π 1 (Y ), and r : π 1 (Y ) → SL 2 (C) is a representation of π 1 (Y ). The quotient of ε(S(Y )) by its nilradical is canonically isomorphic to C[χ(Y )], the ring of regular functions on the SL 2 -character variety of π 1 (Y ).
In many cases ε(S(Y )) is reduced, i.e. its nilradical is 0, and hence ε(S(Y )) is exactly equal to the ring of regular functions on the character variety of π 1 (Y ). For example, this is the case when Y is a torus, or when Y is the complement of a two-bridge knot/link [Le1, PS, LT] , or when Y is the complement of the (−2, 3, 2n + 1)-pretzel knot for any integer n (see Section 4 below). We conjecture that Conjecture 2. For every knot K the universal character ring is reduced.
3.2. The peripheral polynomial and its role in the AJ conjecture. Suppose for a knot K, the nilradical of ε(S(X) is trivial. One has the following commutative diagram
Recall that the classical peripheral ideal p is the kernel of θ; it is an ideal of t σ . The ring t σ embeds into the principal ideal domain
The ideal extension p = tp of p in t is generated by the B-polynomial B K .
Let us now adapt the construction of the polynomial B K to the quantum setting. By definition the quantum peripheral ideal P is the kernel of Θ; it is a left-ideal of T σ . The ring T σ embeds into the principal left-ideal domain T which can be formally defined as follows. Let R(M) be the fractional field of the polynomial ring R [M] . LetT be the set of all Laurent polynomials in the variable L with coefficients in R(M):
and define the product inT by
The left-ideal extension P := T P of P in T is then generated by a polynomial
where d ′ is assumed to be minimum and all the coefficients
, M] are co-prime. Note that the polynomial β K is defined up to ±t k M l with k, l ∈ Z. We will call β K the peripheral polynomial of K. The polynomial β K was introduced in [Le1] . 
Moreover g(t, M) and γ(t, M, L) can be chosen so that ε(g) = 0.
Proof. See [Le1] . Note that the first part follows from the fact that ε(P) ⊂ p which can be easily deduced from the above commutative diagram, while the second fact follows the fact that the peripheral ideal is contained in the recurrence ideal by Proposition 1.2.
From Proposition 3.1, we see that both ε(α K ) and A K divide ε(β K ) for a knot K. This observation gives us some important information for studying the AJ conjecture for K. Indeed, we have the following. 
Combining this with (3.1), we get
It is known that A K always contains the factor L − 1 coming from characters of abelian representations [CCGLS] ), and
Hence we can rewrite (3.2) as follows:
By (ii), A K has exactly two irreducible factors. One of them is L − 1, hence the other factor
= 1, then, by Lemma 3.3 below, the recurrence polynomial α K has L-degree 1.
This contradicts (iii), hence we must have
. In other words, the AJ conjecture holds true for K. 
Proof. The backward direction is obvious since
and d is the L-degree of α K . By a result in [Ga1] , the recurrence ideal A K is invariant under the involution σ. Hence σ(α K ) is contained in A K . Since α K is the generator, it follows that
If d > 1 then by comparing the coefficients of L 0 in both sides of the above equation, we get −g(M)
Since g(M) is a Laurent polynomial in M with coefficients in C, equation (3.5) implies that g(M) must be equal to 0. This is a contradiction. Hence we must have d = 1.
3.3. The L-degree of the A-polynomial. Suppose K is a hyperbolic knot. Then it has discrete faithful SL 2 (C)-representations. Let χ 0 denote an irreducible component of χ(X) containing the character of a discrete faithful representation. By a result of Thurston [Th] , χ 0 has dimension 1 since X has one boundary component.
Recall that the inclusion ∂X ֒→ X induces the restriction map ρ : χ(X) → χ(∂X). Dunfield [Du] showed that the map ρ | χ 0 : χ 0 → χ(∂X) is a birational isomorphism onto its image. Suppose K is hyperbolic and the character variety χ(X) consists of 2 irreducible conponents (one abelian and one non-abelian containing the characters of discrete faithful representations). Then the restriction map ρ : χ(X) → χ(∂X) is a birational isomorphism onto its image. i.e. χ(X) and its image are equal up to adding a finite number of points, since χ(X) has dimension 1. It implies that the map
induced by ρ, is surjective. Note that
by Lemma 2.1. Hence the polynomial B K , the generator of the kernel ofθ, has L-degree equal to the dimension of the
, which is equal to the rank of the
Since the A-polynomial is M-essentially equal to the B-polynomial by Corollary 2.3, we have Proposition 3.4. Suppose K is a knot satisfying all the following conditions:
of 2 irreducible components (one abelian and one non-abelian). Then the L-degree of the A-polynomial of K is equal to the rank of the
3.4. Localization and the L-degree of the peripheral polynomial.
3.4.1. Localization. Recall that T is the quantum torus and ε is the map reducing t = −1.
] and consider the localization of D at the ideal (1 + t):
Note that D, being a localization of D, is flat over D.
Note that if in the definition of T we allow f j (M) to be in the fractional field R(M) of D then we get T .
For a left-ideal I of T (or T σ ) let I and I be its extensions in T and T respectively.
The L-degree of the peripheral polynomial.
Proposition 3.5. Suppose for a knot K, ε(S(X)) is a finite rank
Then the L-degree of the peripheral polynomial β K is less than or equal the rank of the
) is a meridian and it does belong to the boundary of X. Hence by tensoring S(X) with D, S(X) :
Since D is a flat over D σ , the following sequence is also exact
i.e. the sequence of D-modules
is exact. Note that S(X) is a module over the principal ideal domain D. Suppose S(X) ⊗ D C(M) is a finite dimensional vector space over C(M). Consider the exact sequence (3.6). The third module S(X) is a D-module of finite rank and hence
Here each f j is a power of (1 + t). The middle module T of (3.6) is free D-module with basis {L j : j ∈ Z}. Hence the image of k + l + 1 elements 1, L, L 2 , . . . , L k+l are linearly dependent. Hence there must be a non-trivial element δ in the kernel P of L-degree less than or equal to k + l. This element δ is in P, hence it divides β K , the generator of P. From this, we conclude that β K is non-trivial and has L-degree less that or equal to k + l, which is the dimension of the vector space . This, together with Proposition 3.5, implies that the L-degree of β K is less than or equal to that of A K . From this, one can easily check that the knot K satisfies all the conditions of Proposition 3.2 and hence the AJ conjecture holds true for K.
Proof of Theorem 2.
It is known that two-bridge knots and (−2, 3, 2n + 1)-pretzel knots, excluding torus knots, are hyperbolic. (Note that the AJ conjecture holds true for torus knots by [Hi, Tr] ). Their universal character rings are reduced by [Le1] and Theorem 4.6 below, respectively. The L-degrees of their recurrence polynomials are greater than 1 according to the results in [Le1, Proposition 2.2] and [Ga3, Section 4.7] respectively. Double twist knots of the form J(k, l) with k = l, two-bridge knots of the form b(p, m) with p prime or m = 3, and (−2, 3, 6n±1)-pretzel knots satisfy assumption (ii) of Theorem 1 by [MPL] , Theorem A.1 and [Bur] , and [Mat] respectively. Hence the theorem follows.
4. The universal character ring of (−2, 3, 2n + 1)-pretzel knots
In this section we explicitly calculate the universal character ring of the (−2, 3, 2n + 1)-pretzel knot and prove its reducedness for all integers n.
4.1. The character variety. For the (−2, 3, 2n + 1)-pretzel knot K 2n+1 , we have
where X = S 3 \ K 2n+1 and a, b, c are meridians depicted in Figure 1 . 
Hence we obtain a presentation of π 1 (X) with two generators and one relation π 1 (X) = a, w | w n E = F w n where E := awa −1 w −1 a −1 and F := a −1 w −1 awaw −1 . The character variety of the free group F 2 = a, w in 2 letters a and w is isomorphic to C 3 by the Fricke-Klein-Vogt theorem, see [LM] . For every element ω ∈ F 2 there is a unique polynomial P ω in 3 variables such that for any representation r : F 2 → SL 2 (C) we have tr(r(ω)) = P ω (x, y, z) where x := tr(r(a)), y := tr(r(w)) and z := tr(r(aw)). The polynomial P ω can be calculated inductively using the following identities for traces of matrices A, B ∈ SL 2 (C): Thus for every representation r : π 1 (X) → SL 2 (C), we consider x, y, and z as functions of r. The character variety of π 1 (X) is the zero locus of an ideal in C[x, y, z], which we describe explicitly in the next theorem.
Theorem 4.1. The character variety of the pretzel knot K 2n+1 is the zero locus of 2 polynomials P := P E − P F and Q n := P w n Ea − P F w n a . Explicitly,
where S n (y) are the Chebychev polynomials defined by S 0 (y) = 1, S 1 (y) = y and S n+1 (y) = yS n (y) − S n−1 (y) for all integer n.
Proof. The explicit formulas (4.2) and (4.3) follow from an easy calculation of the trace polynomials using (4.1). Because E and F are conjugate (by w n ) and w n Ea = F w n a in π 1 (X), we have P = Q n = 0 for every representation r : π 1 (X) → SL 2 (C).
We will prove the converse: fix a solution (x, y, z) of P = Q n = 0, we will find a representation r : π 1 (X) → SL 2 (C) such that x = tr(r(a)), y = tr(r(w)) and z = tr(r(aw)).
We consider the following 3 cases: Case 1: y 2 = 4. Then there exist s, u, v ∈ C such that s+s −1 = y, u+v = x, su+s
for all integer k, we have
Since s = ±1, P = Q n = 0 is equivalent to P ′ = (−1 + uv)Q ′ n = 0. We consider the following 2 subcases:
. It is easy to check x = tr(r(a)), y = tr(r(w)), z = tr(r(aw)) and the calculations in the following 2 lemmas.
Lemma 4.2. One has
where
Lemma 4.3. One has
Subcase 1.2: −1 + uv = 0 then v = u −1 . In this case the equation
Then it is easy to check that x = tr(r(a)), y = tr(r(w)), z = tr(r(aw)) and r(Ew n ) = r(w n F ). (Note that r(a) and r(w) commute in this case).
Case 2: y = 2. Then S k (y) = k for all integer k. Hence
Hence (x, z) = (−2, −2), (2, 2) or (x = z + z −1 and 1 − n + (1 + n)z 2 − z 4 = 0). If x = z = 2 we choose r(a) = 1 0 0 1 , r(w) = 1 0 0 1 .
, r(w) = 1 1 0 1 .
Lemma 4.4. One has
Proof. By direct calculations we have r(E) = z −2z + z
and r(w n ) = 1 n 0 1 . The lemma follows.
Hence x = tr(r(a)), y = tr(r(w)), z = tr(r(aw)) and r(w n E) = r(F w n ).
Case 3: y = −2. Then S k (y) = (−1) k k for all integer k. Hence
Hence the system P = Q n = 0 is equivalent to P = (x + z)Q ′′ n = 0. We consider the following 2 subcases: Subcase 3.1: x + z = 0. Then it is easy to see that P = 0 is equivalent to x = z = 0. In this case we choose
where i is the imaginary number. Subcase 3.2:
Lemma 4.5. One has
Proof. By direct calculations, we have r(w n ) = (−1) n 1 n 0 1 and
The lemma follows.
Hence x = tr(r(a)), y = tr(r(w)), z = tr(r(aw)) and r(w n E) = r(F w n ) in all cases. It implies that the character variety of the pretzel knot K 2n+1 is exactly equal to the algebraic set {P = Q n = 0}. 4.2. The universal character ring. In this subsection, we will prove the following theorem.
Theorem 4.6. The universal character ring of K 2n+1 is reduced and is equal to the ring C[x, y, z]/(P, Q n ).
Proof. Suppose we have shown that the ring C[x, y, z]/(P, Q n ) is reduced, then it is exactly the character ring C[χ(X)] of K 2n+1 .
Recall that π 1 (X) = a, w | w n E = F w n where F 2 = a, w is the free group on two generators a, w. It is known that the universal character ring of F 2 is the ring C[x, y, z] where x = tr(r(a)), y = tr(r(w)) and z = tr(r(aw)) as above. The quotient map h : F 2 → π 1 (X) induces the epimorphism h * : C[x, y, z] → ε(S(X)). Since P, Q n come from traces, they are contained in ker h * .
Since C[χ(X))] is the quotient of ε(S(X)) by its nilradical, we have the quotient ho-
is a homomorphism. It follows that ker h * ⊆ (P, Q n ). Hence we must have ker h * = (P, Q n ), which implies ε(S(X))
In the remaining part of this section we will show that the ring C[x, y, z]/(P, Q n ) is reduced, i.e. the ideal I n := (P, Q n ) is radical. The proof of this fact will be divided into several steps.
Lemma 4.7. For every x 0 = 0, ±2, the polynomial P | x=x 0 is irreducible in C[y, z].
Proof. Assume that P | x=x 0 can be decomposed as
If f 1 is a constant then f 2 = x 0 (1 − y)/f 1 has y-degree 1. Hence f 2 − f 1 (x 0 y + f 1 ) has y-degree 1 also. It implies that f 2 − f 1 (x 0 y + f 1 ) = y 2 + x 2 0 − 3. If f 2 is a constant then f 1 = x 0 (1 − y)/f 2 . Hence
0 − 3, we have Proof. If x 0 = 0, ±2 then, by Lemma 4.7, P | x=x 0 is irreducible in C[y, z]. Lemma 4.8 then follows since P | x=x 0 and Q n | x=x 0 have z-degrees 3 and 2 respectively. At x 0 = 0, we have P = z(−3 + y 2 + z 2 ) and Q n = a n + b n z 2 where a n = S n−2 (y) + S n−3 (y) − S n−4 (y) − S n−5 (y),
In this case, it suffices to show that Q n | z 2 =3−y 2 = a n + b n (3 − y 2 ) = 0. This is true by Lemma 4.13 below. At x 0 = 2, we have P = z + 1 − y z 2 − (1 + y)z + 2 and Q n = a
. When z = y−1, we have Q 0 = 1 and Q 1 = y−1 and Q n+1 = yQ n −Q n−1 . It implies that Q n | z=y−1 = S n (y) − S n−1 (y) is a polynomial of y-degree n if n ≥ 0 and −(n + 1) if n ≤ −1, with leading coefficient 1. Hence Q n | z=y−1 is not identically 0. It remains to show that Q n = a Proof. Suppose S ∈ C[x, y, z] and (x − x 0 )S ∈ I n for some x 0 ∈ C. We will show that S ∈ I n . Indeed, we have (x − x 0 )S = f P − gQ n for some f, g ∈ C[x, y, z]. Hence (f P ) | x=x 0 = (gQ n ) | x=x 0 which implies that f | x=x 0 is divisible by Q n | x=x 0 , since P | x=x 0 and Q n | x=x 0 are co-prime in the UFD C[y, z] by Lemma 4.8. Hence f x=x 0 = h Q n | x=x 0 for some h ∈ C [y, z] . From this, we may write
Proof. We want to show that y and z, considered as elements of C[x, y, z]/I n , are integral over C [x] . Indeed, the resultant of P and Q n w.r.t. z is
where P 0 = x − xy, P 1 = −3 + x 2 + y 2 , P 2 = −xy, P 3 = 1 and
Q n,1 = (S n−1 (y) + S n−3 (y) + S n−4 (y))x, Q n,2 = −(S n−2 (y) + S n−3 (y)).
for all integers k. By a direct calculation
Note that T k (y) has y-degree |k| with leading coefficient 1. If n ≥ 4 then it is easy to see that Res has y-degree 3n − 2; moreover the coefficient of y 3n−2 is 1. Similarly, if n ≤ −5 then Res has y-degree 1−3n; moreover the coefficient of y 1−3n is 1. If −4 ≤ n ≤ 3 then by direct calculations, we can check that the coefficient of the highest power of y in Res is 1. Hence the coefficient of the highest power of y in Res is 1 for all integers n. It implies that y, considered as an element of C[x, y, z]/I n , is integral over C [x] . Since z, considered as an element of C[x, y, z]/I n , satisfies the equation P = x−xy +(−3+x 2 +y 2 )z 2 −xyz 2 +z 3 = 0 with 1 being the coefficient of the highest power of z, it is also integral over C [x] . Therefore C[x, y, z]/I n is a finitely generated C[x]-module. By Proposition 4.11, R/I n is free, hence the sequence splits and √ I n /I n is projective. Since C[x] is a PID, √ I n /I n is free. Let k be the rank of the C[x]-module √ I n /I n then the rank of the C-module ( √ I n /I n ) | x=x 0 is always k for every x 0 ∈ C. Hence if I n | x=x 0 is radical for some x 0 ∈ C then k = 0 which implies that √ I n = I n .
4.2.3. I n x=0 is radical. By Lemma 4.8, P x=0 and Q n x=0 are co-prime. This means I n x=0 is a zero-dimensional ideal of C [y, z] . By Seidenberg's lemma (see [KL, Proposition 3.7 .15]), if there exist two non-zero free-square polynomials in I n x=0 ∩ C[y] and I n x=0 ∩ C[z] respectively, then I n x=0 is radical. From now on we fix x = 0. Then P = z(−3 + y 2 + z 2 ) and Q n = a n + b n z 2 where a n = S n−2 (y) + S n−3 (y) − S n−4 (y) − S n−5 (y), b n = −S n−2 (y) − S n−3 (y).
Let U n = a n + b n (3 − y 2 ). Then U 0 = 1, U 1 = y + 1 and U n+1 = yU n − U n−1 . Hence U n = S n (y) + S n−1 (y).
We first consider the case n ≥ 3. Then U n and a n have y-degrees n and n−2 respectively; moreover their leading coefficients are equal to 1. Proof. It is easy to see that U n is a polynomial of degree n in y. Note that if y = s + s −1 = ±2 then S k (y) = s k+1 −s −k−1 s−s −1
. We now take y = e The lemma follows.
Lemma 4.14. One has a n = n−3 k=0 (y − 2 cos (2k + 1)π 2n − 5 ).
Proof. The proof is similar to that of the previous lemma.
Note that b 2 n z P = b n z 2 (−3 + y 2 )b n + b n z 2 = (Q n − a n )(Q n − U n ).
Hence a n U n = a n Q n − Q 2 n + Q n U n + b 2 n z P is contained in I n | x=0 . But a n U n is a polynomial in y, hence it is actually contained in I n | x=0 ∩ C[y]. It is easy to see that a n U n is square-free, i.e. does not have repeated factors. Let (4 cos 2 (2k + 1)π 2n − 5 − y 2 ) (mod P ), ≡ 0 (mod (P, a n U n )) it is contained in I n | x=0 . Hence V n is in I n | x=0 ∩ C[z] and is square-free. Since both a n U n ∈ I n | x=0 ∩ C[y] and V n ∈ I n | x=0 ∩ C[z] are square-free, I n | x=0 is a radical ideal by Seidenberg's lemma. Hence by Proposition 4.12, I n is also radical. It implies that R/I n is reduced. Hence the ring C[x, y, z]/(P, Q n ) is reduced and is equal to the universal character ring of K 2n+1 . This proves Theorem 4.6 for the case n ≥ 3. The case n ≤ −1 is similar (in this case U n and a n have y-degrees 3 − n and −(n + 1) respectively; moreover their leading coefficients are equal to 1 and −1 respectively). If 0 ≤ n ≤ 2 then by direct calculations we can check that I n | x=0 is reduced. This completes the proof of Theorem 4.6 for all integers n. Proof. If x = tr(r(a)) = tr(r(b)) = 0 then it is immediate that r(a) −1 = −r(a) and r(b) −1 = −r(b) (this follows from the Cayley-Hamilton theorem applying for SL 2 (C)). Recall that Φ (p,m) (x, z) = tr(r(w)) − tr(r(w ′ )) + · · · + (−1) n−1 tr(r(w (n−1) )) + (−1) n . From the definition of the word w, it is easy to see that a −1 and b −1 appear in pairs in w. This is also true for a −1 and b −1 in each word w (j) , 0 ≤ j ≤ d − 1, hence r(w (j) ) does not change if we replace a −1 by a and b −1 by b. Thus r(w (j) ) = r((ab) d−j ). Note that for the torus knot b(2d + 1, 1) we have w = (ab) d , hence the first claim of the proposition follows. The second claim is easy to deduce from the first claim and the fact from [Le2] that the polynomial Φ (p,m) (x, z) is monic in z and has z-degree d = (p − 1)/2. Theorem A.1 follows directly from Propositions A.2 and A.3.
